Large planetary seedlings, comets, microscale pharmaceuticals, and nanoscale soot particles are made from rigid, aggregated subunits that are compacted under low compression into larger structures spanning over 10 orders of magnitude in dimensional space. Here, we demonstrate that the packing density (θ f ) of compacted rigid aggregates is independent of spatial scale for systems under weak compaction. The θ f of rigid aggregated structures across six orders of magnitude were measured using nanoscale spherical soot aerosol composed of aggregates with ∼17-nm monomeric subunits and aggregates made from uniform monomeric 6-mm spherical subunits at the macroscale. We find θ f = 0.36 ± 0.02 at both dimensions. These values are remarkably similar to θ f observed for comet nuclei and measured values of other rigid aggregated systems across a wide variety of spatial and formative conditions. We present a packing model that incorporates the aggregate morphology and show that θ f is independent of both monomer and aggregate size. These observations suggest that the θ f of rigid aggregates subject to weak compaction forces is independent of spatial dimension across varied formative conditions. M any systems are comprised of elementary subunits packed within a defined volume. The simplest 3D system consists of uniform spheres, and despite its apparent simplicity, a rigorous mathematical description eluded researchers for nearly four centuries dating back to Kepler's conjecture in 1611. In 2005, Hales provided a definitive mathematical proof confirming the observed experimental maximum packing density of 74% (1). Packing of more complex structures is far more mathematically challenging and instead relies on empirical studies (2-9). One of the most ubiquitous packing systems in the universe are rigid aggregates composed of a collection of monomeric units joined together into a fractal structure and subsequently densified through omnidirectional applied force, as shown in Fig. 1 (10) .
Large planetary seedlings, comets, microscale pharmaceuticals, and nanoscale soot particles are made from rigid, aggregated subunits that are compacted under low compression into larger structures spanning over 10 orders of magnitude in dimensional space. Here, we demonstrate that the packing density (θ f ) of compacted rigid aggregates is independent of spatial scale for systems under weak compaction. The θ f of rigid aggregated structures across six orders of magnitude were measured using nanoscale spherical soot aerosol composed of aggregates with ∼17-nm monomeric subunits and aggregates made from uniform monomeric 6-mm spherical subunits at the macroscale. We find θ f = 0.36 ± 0.02 at both dimensions. These values are remarkably similar to θ f observed for comet nuclei and measured values of other rigid aggregated systems across a wide variety of spatial and formative conditions. We present a packing model that incorporates the aggregate morphology and show that θ f is independent of both monomer and aggregate size. These observations suggest that the θ f of rigid aggregates subject to weak compaction forces is independent of spatial dimension across varied formative conditions. M any systems are comprised of elementary subunits packed within a defined volume. The simplest 3D system consists of uniform spheres, and despite its apparent simplicity, a rigorous mathematical description eluded researchers for nearly four centuries dating back to Kepler's conjecture in 1611. In 2005, Hales provided a definitive mathematical proof confirming the observed experimental maximum packing density of 74% (1) . Packing of more complex structures is far more mathematically challenging and instead relies on empirical studies (2) (3) (4) (5) (6) (7) (8) (9) . One of the most ubiquitous packing systems in the universe are rigid aggregates composed of a collection of monomeric units joined together into a fractal structure and subsequently densified through omnidirectional applied force, as shown in Fig. 1 (10) .
The formation and compaction mechanism of disordered aggregates is presumed to be independent of dimension, composition, and spatial scale, and has been observed in a diverse range of materials and conditions, such as the accretion of material in interstellar space and the formation and compaction of aerosol in the Earth's atmosphere. Many interstellar formations comprise nano-or microscale dust particles that begin as disordered monomeric subunits, which electrostatically aggregate to form fractal (lacey) agglomerates that serve as foundries for comets and planetary seedlings (10) (11) (12) (13) (14) (15) (16) . Soot, ubiquitous in the Earth's troposphere, is also comprised of nanometer sized carbonaceous monomers aggregated in a disordered lacey structure. Compaction into spheres occurs after trace gas and/or liquid adsorption and evaporation. In both cases, the resulting structure is constrained by aggregate rigidity (17) .
The systems described above are similarly constructed from single-unit building blocks assembled into larger disordered structures. The final structure is a function of and emulates the materials and conditions from which it was formed, analogous to structures and networks in biological (allometric scaling), structural, and temporal landscapes that scale over many orders of magnitude (18) . Scaling laws govern many relationships, such as vertebrate body mass and basal metabolic rate with lifetime, fluid flow through hydrological and botanical systems, and complex informational networks (18) . In each case, the final structure is defined by the simple power-law expression relating a robust, reproducible subunit to the whole (18) :
where D f describes the scaling dependence of the system, and C is the scalar quantity over which the system is describing and can possess any unit of measure; i.e., number, length, volume, mass, etc. In scaling systems, D f is constant over the system domain, and C represents the scale of the unit cell.
This investigation aims to demonstrate that aggregates made from spherical monomers across a broad spatial range form compact assemblies (as shown in Fig. 1 ) that scale independent of spatial scale (C in Eq. 1) and compaction mechanism and exhibit a constant packing density; this is explored by determining the packing density, θ f , from the volume occupied by compacted aggregates relative to a total volume (defined as packing density, θ f = V agg /V tot ) of nanoscale aggregates made from compact, spherical laboratory generated soot and macroscale aggregates made from 0.60-cm diameter spheres; notably, these structures span six orders of magnitude. For these and other similar systems, we show that θ f is independent of size.
Compact nanoscale spherical particles were generated from flame generated soot with ∼17-nm diameter monomers, (monomer diameter is known as a hereafter) to form lacey aggregates ( Fig. 1 ) with θ f ≈ 0.1, typical for freshly formed soot (19) . The particles were compacted by capillary forces into spherically shaped particles by water uptake and evaporation (17, 19) . The mass
Significance
Particle aggregates are one of the most ubiquitous structural arrangements in the universe, making up large interstellar planetary seedlings and comets, microscale powdered pharmaceuticals, and nanoscale atmospheric particles. The packing of aggregates determines structure and, in many cases, chemical, physical, and mechanical properties. Here we show that packing in weakly compacted aggregated materials is scale invariant over many orders of magnitude. We demonstrate that the effective density of compacted soot aggregates and comets are equivalent, and conclude that the packing of aggregated materials appear to be remarkably independent of the aggregating forces, mechanisms, or initial conditions. distributions of the compacted soot as function of particle mobility diameter for an ensemble of particles (>10 4 per diameter) were measured. Mobility diameters spanned between 150 and 400 nm in 25-to 50-nm increments (average mass of the compact particles as a function of particle mobility diameter and a representative mass distribution are shown in Fig. S1 ) (19) . Soot particle mass demonstrates a power-law dependence on mobility diameter and is fit well with Eq. 1, where D f is the mass-mobility scaling exponent relating to the particle shape (D f = 1, 2, and 3 for a linear, planar, and spherical particles, respectively). The D f for compacted soot is 2.96 ± 0.04 (2σ), confirming sphericity, for particles 150-400 nm in diameter, containing 250-4,500 total monomers (N T ), respectively.
Macroscale aggregates were constructed from uniform spherical monomers in random rigid 3D conformations spanning from doublets (N = 2) through N = 12. The structure of each macroscale aggregate was unique and had a ramified structure, similar to soot aggregates (20) . Aggregates with known mass were packed into cylindrical and spherical chambers of known volume, which were large relative to the aggregate dimension (SI Methods). Density relaxation was allowed through gravitational settling by mild tapping (21, 22) . Packing density (θ f ) was measured as a function of N.
Packing densities for the nanoscale soot and the macroscale polymer spheres are shown in Fig. 2 along with corresponding transmission electron microscopy (TEM) images and photographs of individual aggregates and their packed forms, respectively (more macroscale aggregates and data of vessel geometry are shown in Figs. S2 and S3). The θ f of compact soot was determined from the ratio of volume occupied by the monomers (ρ = 1.8 g cm −3 , a = 17 ± 2 nm) to the effective volume occupied by the spherical particle as defined by the mobility diameter. For compact soot, the measured θ f was 0.36 ± 0.02 (2σ) independent of mobility diameter and the total number of monomers (N T ). The packing density of the polymer monomers was determined similarly (ρ = 1.060 g/cm 3 , a = 6.00 mm). We observe θ f initially decreases monotonically with N, and for N ≥ 7 approaches an asymptotic limit of 0.36 ± 0.04 (2σ), consistent with other observations showing θ f scales as N −1/3 (23) . Nominally, the final θ f of a packed system is dependent on experimental protocol (pouring rate, interparticle forces, friction, gravity, frequency, and amplitude of compaction or tapping force) and particle shape (21, 22) . In this system, the aggregate structure must also be considered. For any N there exists a distribution of aggregate morphologies defined by the orientation of a monomer or collection of monomers with respect to its neighbors. Using clustercluster aggregation theory, studies have successfully modeled both soot aggregate formation and growth into a lacey structure with a D f consistent with measured values (20, 24, 25) . From these investigations, a picture emerges of soot aggregates that have ramified structure similar to the macroscale aggregates used in this study. Given that though similar, the aggregate morphology distributions between the macro and nanoscale likely are not identical. The results indicate that θ f is independent of both aggregate morphology and scale. The θ f of well-ordered close-packed monodisperse spheres is 0.74, and can be as low as 0.49 for ordered tunneled jammed packed assemblies. Measured values are typically ∼0.64 (random jammed packing), likely setting an upper bound on θ f for rigid monodisperse aggregates (4, 26, 27) . It is important to note that for a jammed system, the transition from random maximum jammed to close packing (for monodisperse spheres, θ f = 0.64 → 0.74) is not possible. As shown here, the packing density of rigid aggregates (0.36 ± 0.04) is much lower than well-ordered spheres and randomly packed nonaggregated spheres, ellipsoids (θ f = 0.74), cones (θ f = 0.66), cylinders (θ f = 0.72), and tetrahedrons (θ f = 0.68) (7). More remarkably, θ f is independent of aggregate monomer dimension; i.e., a = nanometers to centimeters. Compared with other packed materials, the θ f of rigid aggregated monomers are, to our knowledge, among the lowest measured (28) . The current results are consistent with simulations of aggregated spherical particles compacted through slight omnidirectional compression (θ f ≈ 0.30-0.38, mimicked in this investigation), and measurements of weakly aggregated micrometer-sized SiO 2 monomers compressed into cakes (θ f = 0.33) and pharmaceutical powders made from microscale random aggregates (θ f = 0.35 ± 0.02) (3, 8, 13) . Despite the diverse spatial and formative conditions described above, the θ f are nearly identical and low compared with θ f of less rigid systems. It is important to note that the systems described here are under low compression where aggregate morphology is unchanged (i.e., aggregates retain their initial rigid structure without breakage or deformation). Maximum θ f occurs for rigid aggregates by increasing interdigitation to form a highly entangled final structure. Simulations have shown that increasing the compaction pressure to 100 MPa increases θ f by ∼10% for N = 9 and 17 rigid aggregates (8) . Thus, 0.39 ± 0.04 likely sets an upper bound on θ f (8). Increasing interparticle freedom of motion via reduction in aggregate rigidity (degrees of freedom) and hence increased interdigitation, concomitantly increases θ f , although only slightly. In freely mobile closed looped chains of monodisperse spheres, θ f is 0.35 for N ≥ 15 (9) . The effect of interaggregate voids on θ f can be quantified by comparison with rigid, linear rods that show θ f decreases linearly with increasing aspect ratio (A). Initially, θ f = 0.63 at A = 1 (spherical) and drops to θ f = 0.42 at an A of 10, which is comparable to the θ f of rigid aggregates with N = 5-6 (5). In this investigation, N ≥ 7 macroscale aggregates, where θ f is constant, had an A of 1.91 ± 0.19.
Comets, offer another comparative system, are also comprised of rigid aggregates compacted into a highly porous, fluffy structure, made of mineral dusts, organic materials, amorphous carbon, and ices of CO 2 and H 2 O (11). Remote sensing observations of comet 103P/Hartley 2 (ρ = 0.3 ± 0.1 g/cm 3 ) measured θ f ≤ 0.3 (Fig.  2) ; a similar θ f was determined for comet 9P/Tempel 1(ρ = 0.45 g/cm 3 ) (29) . From a collection of 20 comets, θ f was calculated to be between 0.2 and 0.4, a range that is remarkably similar to the θ f measured in this investigation (13) . Spectral observations of the ejecta liberated from Tempel 1 after projectile impact (NASA Deep Impact Mission) show the nucleus is constructed of nanometer to micrometer-sized disordered aggregated fractal (lacey) powders that form a highly porous nucleus in these large-scale aggregates (N > 7) using the model shown in Fig. 1 (10, 11, 29) . Analysis of captured comet dust grains show they consist of 200-to 500-nm aggregates. Based on analysis of ejected material from comet tails, the aggregates (cometesimals) exist in structures up to several meters in diameter (29) (30) (31) . The mass density of a range of comet nuclei (0.15 g·cm
) indicate that the comets described above are typical of other comets in the terrestrial solar system, and that the rigid aggregate packing model can likely be applied to other comets and porous bodies as well (11, 29, (31) (32) (33) .
The aggregated systems explored here consist of monomers spanning length scales from the nanoscale (soot) through the microscale (comets) and into macroscale, and exhibiting a broad range across N. To understand the dependence of θ f on monomer and aggregate scale, we investigated the dependence of θ f on the radius of gyration (R g ), a morphology-dependent parameter that is a function of both aggregate shape (D f ) and size (N). We found that R g decreases linearly as a function of D f ranging from 1.5 to 2.25, holding N constant. Representative aggregates at different D f are shown in Fig. 3A . Aggregates with a D f = 1.8 most closely match those of the macroscale aggregates used in this study, and also capture D f for experimentally measured aggregated monomers (19, 20) . The R g scales linearly with N for aggregates with 3 ≤ N ≤ 12 ( Fig. S4) (20, 24, 25, 34) . Across the series from individual aggregates to those observed in comet nuclei, the value of N ranged from three per aggregate to 6 × 10 7 per aggregate, and a spanned from 17 nm for soot to 6 mm for macroscale monomers (30) . One might expect that given the large range of R g explored in this study, the commonality observed in the limit of interdigitation must rely in some manner on the relative length scales of a and N. Although a complete theoretical description of the critical length is beyond the scope of this work, we can consider the packing of aggregates under the limiting condition that they do not interdigitate (Fig. 3B) . In this limit, the packing fraction is given as the ratio of the absolute volume of the aggregate (V agg ) to the spherical volume occupied by the aggregate (V s ), which includes the aggregate and the free space within the aggregate. We can approximate the radius of this occupied volume as R g .
where a and k N represents the aggregate diameter and prefactor, respectively (20) .
Thus, a natural scaling variable would seem to be the monomer diameter (a), resulting in a dimensionless parameter (R g /a).
In Fig. 3C we show a plot of the measured θ f as a function of the nondimensional aggregate size for the systems we have explored, which span over an order of magnitude in R g /a from macroscale aggregates to comet ejecta. We can see that despite the disparate length scales involved, the macroscale and nanoscale overlap and exhibit the same asymptotic hockey stick behavior when normalized by the monomer diameter. The results show that R g /a > 1.5 appears to be a critical limit for interdigitation in aggregate packing, leading to an asymptotic θ f of ∼0.36, where θ f becomes independent of both a and N for rigid aggregates across the large set of formative conditions described.
This study demonstrates that under low compaction, the packing density, θ f , is independent of scale for aggregates assembled from spherical monomers spanning the nanometer to centimeter range. The morphology of rigid aggregates is only weakly influenced by monomer shape, suggesting the observations here are not limited to spherical monomers, but can also be applied to aggregates composed of systems constructed of other shapes.
Methods
Soot Aggregate Packing. Soot was generated using a Santoro-style diffusion burner operating on ethylene fuel (19) . Freshly generated soot particles were allowed to aggregate in a 5-L aging chamber for ∼30 s, forming a lacey fractal morphology. Soot particles were collapsed into a compact spherical morphology through water condensation and subsequent rapid evaporation. Particles were passed through a H 2 O growth tube, consisting of a condenser at 10°C and a hydrator at 45°C, and subsequently dried using a tube furnace at 150°C between a pair of SiO 2 diffusion dryers. Size and mass selection were conducted by passing soot through a differential mobility analyzer (DMA) and aerosol particle mass analyzer (APM), respectively, and particles were counted using a condensation particle counter (CPC). The use of a tandem DMA-APM-CPC for measuring particle mass as a function of mobility diameter (D m ) is well detailed (see ref. 19 for a description of the technique). Mass distributions were fit using a Gaussian function over the range where only the (+1) charged particle of interest was present (35) . The average mass was used to calculate the mass-mobility scaling exponent (D f ). Packing density was calculated from the measured mass assuming the spherical volume was defined by the particle mobility diameter, a valid assumption for particles with D f = 3. Monomer diameter was measured using TEM of soot aerosol electrostatically deposited on lacey carbon grids.
Macroscale Aggregate Packing. Monodisperse spherical polymer spheres with a diameter of 0.60 cm and a mass of 0.120 ± 0.002 g were combined to form aggregated particles. Particles examined ranged from one-unit monomers through 12-unit (N) aggregates. Monomer units were adhered together in random rigid 3D conformations using a small amount of solvent for dissolution and adherence. Dimers and trimers were initially constructed and added to form larger aggregates. For N ≥ 3, ∼10 3 aggregates were prepared, and a typical measurement used 30-50% of the aggregates at each N. Aggregate aspect ratio (aggregate length/width) was measured for 4 ≤ N ≤ 12 and was 1.88 ± 0.22. Monomer and aggregate packing was measured in cylindrical and spherical chambers of known volume and varying diameters.
To eliminate wall effects, aggregates were measured in containers with radii that spanned several monomer radius units (Fig. S3) . Monomer units and assembled aggregates were added to packing chambers and allowed to undergo density relaxation through tapping (defined as lifting by ∼0.5 cm and dropping the vessel using gravity) and gravitational settling. Particle number concentration and subsequent packing density were determined from the mass of particles within the packing chamber and the volume occupied by the particles. The packing densities of the randomly oriented aggregates were measured for each value of N in triplicate by multiple individuals, with each measurement representing a random and unique population of aggregates. After each measurement aggregates were removed from the vessel and a new, unique aggregate population was measured. Data were averaged for each user and each vessel for all values of N and uncertainties pooled.
Modeling Aggregate Properties. Model aggregates were generated using the cluster-cluster aggregation. D f was varied from 1.55 to 2.25, a value of 1.6 of k N was used for all aggregates (24, 25, 34) . Aggregates from N = 3-12 were studied.
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